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Abstract 

The conjectured F-theorem for three-dimensional field theories states that the finite part 
of the free energy on decreases along RG trajectories and is stationary at the fixed points. 
In previous work various successful tests of this proposal were carried out for theories with 
J\f — 2 supersymmetry. In this paper we perform more general tests that do not rely 
on supersymmetry. We study pcrturbatively the RG flows produced by weakly relevant 
operators and show that the free energy decreases monotonically. We also consider large N 
field theories perturbed by relevant double trace operators, free massive field theories, and 
some Chern-Simons gauge theories. In all cases the free energy in the IR is smaller than 
in the UV, consistent with the F-theorem. Wc discuss other odd-dimensional Euclidean 
theories on S'^ and provide evidence that (— 1)*^''^^^/^ log \Z\ decreases along RG flow; in the 
particular case d = 1 this is the well-known g(-theorem. 



1 Introduction 



A deep problem in quantum field theory is how to define a measure of the number of degrees 
of freedom that decreases along any renormalization group (RG) trajectory and is stationary 
at the RG fixed points. In two-dimensional QFT, an elegant solution to this problem was 
given by Zamolodchikov [l], who used the two-point functions of the stress-energy tensor to 
define a "c-function" that had the desired properties. The Zamolodchikov c-function has the 
additional property that at the RG fixed points it coincides with the Weyl anomaly coefficient 
c. In four-dimensional conformal field theory there are two Weyl anomaly coefficients, a and 
c, and Cardy has conjectured [2] that it should be the a-coefficient that decreases under RG 
fiow. This coefficient can be calculated from the expectation of value of the trace of the 
stress-energy tensor in the Euclidean theory on S^. 

Considerable evidence has been accumulating in favor of the a-theorem, especially in 
supersymmetric 4-d field theories where a is determined by the U{1)r charges ||3i|. In par- 
ticular, the principle of a-maximization [i] , which states that at super conformal fixed points 
the correct R-symmetry locally maximizes a, has passed many consistency checks that rely 
both on the field theoretic methods and on the AdS/CFT correspondence |5]-[7]. For large 

superconformal gauge theories dual to type IIB string theory on AdS^ x Y5, Y5 being 
a Sasaki-Einstein space, a-maximization is equivalent to the statement [8] that the Sasaki- 
Einstein metric on 1^5 is a volume minimizer within the set of all Sasakian metrics on this 
space. This equivalence was proved in [9 ,10 . Very recently, a general proof of the a-theorem 



was constructed in [11]. 

Due to the abundance of fixed points in three-dimensional QFT, as well as their relevance 
to observable phase transitions, it is of obvious interest to find a 3-d analogue of the 2-d 
c-theorem and of the 4-d a-theorem. Such a result would establish very general restrictions 
on RG fiows. An obvious difficulty, however, is that because of the absence of a conformal 
anomaly in odd dimensions, the trace of the stress-energy tensor simply vanishes at the 
RG fixed points and hence cannot be a measure of the number of degrees of freedom. A 
physically reasonable measure could be the free energy at finite temperature T [T2|. At RG 
fixed points, this quantity can be extracted from the Euclidean theory on x S^: 

_ nd/2)ad/2) 

-TT — CTherm»/(i-l-' , \^ ) 

where V^_i is the spatial volume, and CTherm is a dimensionless number normalized so that 
a massless scalar field gives CTherm = 1- However, there are cases in dimensions d > 2 where 
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CTherm incieases along RG flow: such a behavior occurs, for example, in the flow from the 
critical d = 3 0{N) model to the Goldstone phase described by A^ — 1 free fields 13 , 14 ,^ This 
rules out the possibihty of a cxherm-theorem and therefore of CTherm being a 'good' measure 
of the number of degrees of freedom]^ Another proposal, which associates a measure of 
the degrees of freedom in d = 3 with the coefficient ct of the correlation function of two 



stress-energy tensors, was made in 16, 17 



Quite recently, a new proposal was made for a good measure of the number of degrees of 



freedom in a 3-d Euclidean CFT 18 19 



■log \Zss\ 



(2) 



where Z53 is the Euclidean path integral of the CFT conformally mapped to S . Jafferis 18 



conjectured that the 3-d analogue of a-maximization is that the R-symmetry of A/" = 2 su- 
perconformal theories in three dimensions extremizes F. In [19| it was further conjectured 
that in unitary 3-d CFT F is positive and that it decreases along any RG flowj^ various 
M = 2 supersymmetric examples were presented in support of these statements. These con- 



jectures were preceded by the important work 20 ,21 on path integrals in supersymmetric 



gauge theories on spheres, where these infinite-dimensional path integrals were reduced using 
the method of localization f22] to certain finite-dimensional matrix integrals. The solution 



of these matrix models in the large A^ limit 19 ,23 27 produced perfect agreement with 



the AdS^/CFTs correspondence, explaining in particular the A^^/^ scaling of the number of 
degrees of freedom expected on the gravity side of the duality [28^. By now there exists 
considerable evidence that in = 2 supersymmetric 3-d field theory the R-symmetry max- 
imizes F at the fixed points and that F decreases under RG fiows. These ideas have passed 



some field theoretic tests 18 ,29 -38 , and various issues in defining supersymmetric theories 



on were clarified in [39]. Also, for large A^ theories with AdS^ x dual descriptions 
in M-theory, F-maximization is correctly mapped to the minimization of the volume of the 



Sasaki- Einstein spaces I7 19,26 



Other ideas on how to best define the number of degrees of freedom in field theory, this 
time in Minkowski signature, were advanced in 40 . For a field theory on IR"'^^'^, it was 



^We thank Subir Sachdev for telling us about this example. 

^Another reason why there cannot be a CThcrm-theorem is that CThorm varies along lines of fixed points, 
as is well-known for example in the four-dimensional Af — 4 supersymmetric Yang-Mills theory fl5'' . 

•^The three-sphere free energy is ambiguous along RG flow, but is well-defined for any conformal field 
theory. Thus, a precise statement of the conjecture is that, if there is smooth RG flow from CFTi to CFT2 
then their three-sphere free energies satisfy Fi > F2. 
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proposed in f40] that one can consider the entanglement entropy across an S'^~'^ boundary. 
It was further shown in j4l] (see also |42]) that if the field theory in question is a CFT, this 
entanglement entropy agrees with the free energy of the Euclidean CFT on S"^. 

In this paper we will subject the F-theorem to additional tests that do not rely on 
supersymmetry. Our approach is similar to Cardy's |2| who, in the absence of a proof of 
the a-theorem, presented some evidence for it in the context of a CFT on S"^ perturbed by 
weakly relevant operators. (His work generalizes similar calculations in d = 2 [l][43].) In 
sections 2 and 3 we use the perturbed conformal field theory on to present evidence for the 
F-theorem. We also discuss other odd-dimensional Euclidean theories on S'^ where similar 
perturbative calculations provide evidence that (— 1)'-'^^^^/^ log |Z| decreases along RG flow. 



In the particular case d = 1 these calculations were carried out in 44,45 providing evidence 
for the ^f-theoremj^ In section 4 we review the calculations of F for theories involving free 
massless boson, fermion, and vector flelds. We show that these values are consistent with 
the F-theorem for some RG flows. In section 5 we consider another class of examples which 
involve RG flows in large fleld theories perturbed by relevant double-trace operators. In 
these cases, the theories flow to IR flxed points, and Fir — Fyv can be calculated even when 



the double-trace operator is not weakly relevant 47-49 . The results are consistent with the 
F-theorem. An explicit example of this kind is the critical 0{N) model. In particular, we 
show that the flow from the critical 0{N) model to the Goldstone phase, which was earlier 
found to violate the CTherm-theorem fTslfli], does not violate the F-theorem. 



2 Perturbed Conformal Field Theory 

In this section we discuss Euclidean conformal fleld theories perturbed by a slightly relevant 
scalar operator of dimension A = d — e, where < e ^ 1. Our approach follows closely 
that in [I|[2| [43}]45] . To keep the discussion fairly general, we will work in an arbitrary odd 
dimension d throughout most of the following calculation, though the case of most interest 
to us is d = 3. Our calculations generalize those carried out for = 1 to provide evidence 
for the ^f-theorem liillisllSOj. We take the action of the perturbed fleld theory to be 



S = So + \oj d'^xVCOix) 



(3) 



■^Tlic d = 1 dynamics is often assumed to take place on the boundary of a d = 2 conformal field theory. 
A proof of the g-theorem in this context was given in l46l. 
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where 5*0 is the action of the field theory at the UV fixed point, Xq is the UV bare couphng 
defined at some UV scale /iq, G is the determinant of the background metric, and 0{x) the 
bare operator of dimension A. 



2.1 Beta function and the running coupling 



For the purposes of finding the beta function it is sufficient to work in the fiat M*^. For the 
CFT on M"^, conformal invariance fixes the functional form of the connected two-point and 



three-point functions 51 , and we choose the normalization of O to be such that 

1 



{0{x)0{y))o 
{0{x)0{y)0{z))o 



\x-y 



2{d-e) 



c 



(4) 



I id— e I id— e i i 

\x — y\ \y — z\ \z — x\ 



for some constant C . These correlators correspond to the OPE 



0{x)0{y) 



CO{x) 

\2(d-e) ' I \d-t 

\x — y\ \x — y\ 



+ 



+ ... 



as X ^ y . 



(5) 



In the perturbed theory, the coupling runs. The beta function is |2|[52 



I3ig) = /i 



dfi 



d/2 



(6) 



where /z is the renormalization scale, and g = Xfi~^ is the dimensionless renormalized cou- 
pling. Integrating this equation with the boundary condition g{fio) = go <ti 1, where /io is a 
UV cutoff, we obtain the running coupling 



n^Cgl 
T{i) 2e 



2e 



fi 



+ 0{gl) . 



(7) 



One can understand the two equations above from the following RG argument. Correlation 
functions in the interacting theory differ from the ones in the free theory by an extra insertion 
of 



-xofd'^.oi.) = 1 _ Ao / d^xOix) + ^ j d-x 



' d'yO{x)0{y) + 



'^This equation differs from eq. (9) in (2| by the sign of the second term because our couphng g differs 
from the one in |2j by a minus sign. 
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where the condition |x — y| > ^ comes from imposing the UV cutoff fiQ. In obtaining an 
effective action at some scale fi, one simply isolates the contribution from modes between 
energy scales fiQ and fi: for example, we write the last integral in dsl) as 



L 



d'y 0{x)0{y) = [ d% 0{x)0{y) + / P^^^ + ■■■ (9) 

\-y\>i-, J\-y\>l J^<\x-y\<l \x-y\ 

where in the region — <|x — 'u|<-we only exhibited the contribution from the second 
term in the OPE (|5|. The first term in eq. ^ should be thought of as arising from the 
effective action at scale fi, while the second term should be interpreted as a renormalization 
of the coupling. Combining ^ with ([s]), one can deduce that the effective coupling A(/i) is: 



^ + ■ ■ ■ = ^0 - ^ Vol(5^-) \\-\ . (10) 



Using Vol(5''^ ^) = 27r"'/^/r((i/2), one can further check that this expression agrees with 
provided qq = XofJ'o^ and g{fi) = A(/i)/i~^ 

If C < then both terms in the beta function (|6| are positive; thus, g grows along the 
flow, and the fate of the IR theory depends on the coefficients of the and higher order 
terms. However, if C > then there exists a robust IR flxed point at 

whose position depends on the coefficient of the g^ term only through the terms of order e^. 
2.2 Free energy on 

From now on, let us consider the fleld theory on a d-dimensional sphere S'^ of radius a. 
Putting the fleld theory on S"^ effectively sets the RG scale fi to be of order 1/a. For 
convenience we will set /i = l/{2a) and express our answers in terms of the renormalized 
coupling g at this scale. In the following computations we will also send the UV cutoff 
/io — )■ oo after appropriately subtracting any UV divergences. 

The metric on S'^ is most conveniently described through stereographic projection to M'^ 
because in these coordinates the metric is manifestly conformally flat: 

ds^ = - \x\' = J2i^^y■ (12) 



i=l 
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In the unperturbed theory, the connected correlation functions of O on S'^ can be obtained 
from those in flat space given in eq. Q by conformal transformation: 



{0{x)0{y)), ^ 



s(x,?/)2('^-^) ' 

{0{x)0{y)0{z)), ^ 



(13) 



s{x,yY ^s{y,zY ^s{z,xY 



where 



F - y\ 

{l + \x\Y' {l + \y\y 



is the "chordal distance" between points x and y. 

The path integral on has UV divergences that should be subtracted away. After 
this regularization, which we will perform through analytic continuation, one can essentially 
remove the UV cutoff /io by sending it to infinity. The resulting regularized path integral 
Zq{\q) depends on the bare coupling Aq. As is standard in perturbative field theory, one can 
write down the following series expansion for log |Z(Ao)| in terms of the connected correlators 
of the unperturbed theory: 



log 



Z(0) 



J2 LMl I d'^xiVG ■ ■ ■ I d''xnVG{0{x,) ■ ■ ■ 0{Xn))o • (15) 

n=l J J 



We have (0(a;))o = because the unperturbed theory is a CFT. Using the definition F = 
— log Z, we can write the first few terms in the above expression as 

6F{Xo) = F(Ao) - F(0) = -^h + + O(A^) , (16) 



where 



1^ = 1 d'xVG J d%VG {0{x)0{y)), = ^'"^^""7''' r^^U) r(]) ' 
j d'xVG j d^^yVG j d'zVG{0{x)0{y)0{z)), = ^^^^ r {^f 



(17) 



These integrals were evaluated through analytic continuation in e from a region where they 
are absolutely convergent [2]. 



One can simplify equation ( 16 ) by expressing it in terms of the renormalized coupling g 
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instead of the bare coupling Aq and performing a series expansion in e. Solving eq. ( 10 ) for 
Aq (with fiQ oo and /i = l/(2a)), one obtains 



Ao(2a)^ = g + -^g' + 0{g') 



Substituting this expression together with the expressions for I2 and I3 from eq. (17) into 



eq. (16) gives in odd dimensions d 



6F{g) = (-1) 2 —— 



1^ 

3r(f) 



Cg' + 0{g' 



(19) 



where we expanded each coefficient of g"' to the first nonvanishing order in e. By comparing 
this formula with the beta function ([6]), we observe that, to the third order in g, the derivative 
of the free energy is proportional to the beta function: 



^ = (-l)-^/3(.) + C^(/) 



(20) 



The proportionality between dF/dg and P{g) to this order in perturbation theory is not 
unexpected: one can show that dF{g)/dg equals the integrated one-point function of the 
renormalized operator O, 



dF 
dg 



fi' / d''xVG{0,,^ix))x. 



(21) 



This one point function is required by conformal invariance to vanish at the RG fixed points. 
To the order in g we have been working at, both the beta function and the one point function 
of O are quadratic functions, so the fact that conformal invariance forces them to have the 
same zeroes implies that they must be proportional. To higher orders in perturbation theory, 
we expect that dF/dg will equal P{g) times a nonvanishing function of g. 

One can also note that for both signs of C the beta function P{g) is negative to second 



order in perturbation theory. Eq. (20) then tells us that the quantity F = (— 1)'*2^F is a 



monotonically decreasing function of the radius of the sphere in all odd dimensions. We 
interpret this behavior as a monotonic decrease in F along RG fiow between the UV and IR 
fixed points. F is stationary at conformal fixed points, supporting the F-theorem in three 
dimensions and the (yf-theorem in one dimension. 

Recall that when C > there is a perturbative fixed point at the value of the coupling g* 
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given in ( 11 ). Eq. ( 19 ) tells us that the difference between the free energy at this perturbative 
fixed point and that at the UV fixed point g = is 

{d-2)\\ ttV 



5F{g* 



2^-^d{d-l)\\ 3C2 



(22) 



The case of most interest is ci = 3, where 



SF{g* 



\d=3 



(23) 



We will be able to reproduce this expression in a specific example in section 5.1 



The arguments above relied heavily on 0{x) being a scalar operator. If instead 0{x) is 
a pseudo-scalar, then the relation 



(0(-Xi)0(-X2) . . . Oi-Xn))o = {-ir{0{Xi)0{x2) . . . 0{Xn))o • (24) 

implies that the integrated n-point functions of 0{x) vanish if n is odd. In particular /s = 



in equation (17), and so the first non-linear correction to the beta function is of order g^; 
it comes from integrating the four-point function of 0{x) as opposed to the three-point 
function as was the case for a scalar operator. Because the form of the four-point function is 
not fixed by conformal invariance but rather depends on the details of the theory, it is hard 
to say anything general in this case. A specific example of a slightly relevant pseudo-scalar 



deformation is discussed in section 5^ with the deformation coming from a fermionic double 
trace operator. 



3 Towards a more general proof of the F-theorem 

Let us consider a CFT on S"^ perturbed by multiple operators, 

S = So + \i j d'^x\/GO,{x) , (25) 

where the bare operators Oi have dimensions Aj = d — ei with > 0, and 5*0 is a conformally- 
invariant action. In section |2] we studied the special case where there was only one such 
perturbing operator. 

In terms of the dimensionless running couplings (7*, which we will denote collectively by 
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g, a simple application of the chain rule gives 



a log /i og'- a log fx 

where we introduced the beta functions /3*(g). Differentiating the partition function with 
respect to g^, one can see that the gradients dF/dg'^ are given by the general relation: 



dg 



(27) 



In the last line of this eq. (27) we have defined the matrix hij{g), which can be thought of 



d+l 



as a metric on the space of coupling constants. Consequently, introducing F = (—1) 2 F as 
in the previous section, we haveQ 

dF 

P'K.P^ . (28) 



d\og /i 



In principle, the entries of the matrix hij{g) could be singular for certain values of the 
coupling. A sufficient condition for the F-theorem to hold is that /ijj(g) is strictly positive 
definite for all g. We will see that this is the case at least perturbatively in small g. 

The perturbative construction of /3*(g) and /iij(g) generalizes the computation in sec- 
tion [2} We can choose our operators Oi{x) so that in fiat space the two and three-point 
functions at the UV fixed point are 



|2Ai ' 

X — y\ 



{0,{x)0,iy)Okiz))o 



a 



ijk 



(29) 



I |Ai+A,-Ai. I |A,-|-Ai.-Ai I lAi+Afc-Ai ' 

\x — y\ ^ \y — z\ ^ \z — x\ ' 



for some structure constants Cjjfc- The corresponding OPE is 

0^ix)Ojiy) = - '-^ + - %f+A,-A, + • • • asx^2/, (30) 

\x — y\ \x — y\ ^ 



^This equation is analogous to that derived for the c- function in two dimensional field theory |T], where 
it contains a metric on the space of coupling constants well-known as the Zamolodchikov metric. 
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where C*:- = S^^Cuj. These correlators yield the beta functions 



and the free energy 



1 271^+' 



1 7r'^/2 

k 



We see that (27) is satisfied with 



(31) 



(32) 



/i,,(g) = % + 0(g) 



(33) 



so the matrix /ijj(g) is positive definite to first nonvanishing order in g. Of course, as 
long as the perturbative expansion converges, hij{g) will continue to be positive definite at 
the very least in a small neighborhood of g = 0. A potential route towards proving the 
F-theorem is to construct the metric /iij(g) non-perturbatively and demonstrate that it is 



positive definite. Such an approach was undertaken in 46 for one-dimensional field theories 



that can be realized as boundaries of two-dimensional field theories. 

4 F-coefficients for free conformal fields 
4.1 Free conformal scalar field 

In this section we calculate the free energy of a free scalar field conformally coupled to the 
round S'^. Similar results have appeared in 53 ,54 . 



In (i-dimensions the action of a free scalar field conformally coupled to S'^ is given by 



Ss = - I (fx VG 



d-2 
4(c/- 1 



(34) 



We take the radius of the round S'^ to be a, so that the Ricci scalar is i? = d{d — l)/a^. Up 
to a constant additive term, 

Fs = -\og\Zs\ = l log det [fio'Os] , Os = - V + ^^^R ■ (35) 
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where /iq is the UV cutoff needed to properly define the path integral. At the end of the day 
Fs will not depend on yUo or in odd dimensions. When d>2, the eigenvalues of Os are 



An 



and each has multiplicity 



d 

.2 r + 2 



d 



n > 



rrir. 



{2n + d - l){n + d - 2)\ 
{d-l)\n\ 



The free energy is therefore 



n=0 



-21og(/xoa) + log ( n + ^ j + log f n - 1 + ^ 



(36) 



(37) 



(38) 



This sum clearly diverges at large n, but it can be regulated using zeta-function regulariza- 
tion. By explicit computation, one can see that, unlike in even dimensions, in odd dimensions 
we have 



^ m„ = , 



(39) 



n=Q 



SO there is no logarithmic dependence on fiQa. This is in agreement with the fact that there is 
no conformal anomaly in this case. The remaining contribution to this sum can be computed 
from the function 



^ oo 

- E 



n=0 



rrir. 



+ 



rrir 



^ oo 

2S(--i+i) 



(40) 



whose derivative at s = formally gives (38). One can check that m„ + m„_i is a polynomial 



of degree d — linn — l + ^,so the sum in (40) converges absolutely for s > d and can be 



evaluated in terms of C{s — A;, | — 1), with k ranging over all even integers between and 
d — 1. In d = 3, for example, we have = (n + 1)^ and rUn + mn-i = 2 (n + + ^ 



F. = --. 



1 d 
2ds 



s=0 



16 



2 log 2 



3C(3) \ 
7r2 J 



0.0638. 



so 



(41) 



For other values of d, see table [!} These results agree with earlier work ^-55 . For all odd 
d we note that the the free energy on S'^ equals minus the entanglement entropy across S'^~'^ 
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d F. 



3 
5 
7 
9 
11 



3C(3) 

^2 



^ (21og2- 0.0638 

(^21og2+ _ l^) ^ _5.74 X 10"^ 



-1 

28 



^ r41og2 + 5^ - - ^) ^ 7.97 X 10- 

2T|(l01og2 + 



1 

220 



28 log 2 + 



1588C(3) _ 205) _ 126C(7) _ 255C(9) A ~ _1 31 x 10"^ 
IOStt^ tt* tt^ J ^ ' 

7794C(3) I 1940C(5) 1218C(7) 850C(9) 1023C(11) 



1757r2 



+ 



2.37 X 10" 



Table 1: The F-coefficient for a free conformal scalar field on S° 



calculated in 42 . 



4.2 Free massless fermion field 

In this section we calculate the free energy of a free massless complex Dirac fermion on the 
round S'^. We begin with the free fermion action 



S 



D 



(fx ^Gi)\ilJ))i) . 



(42) 



Unlike in the case of the free conformal scalar action, the conformal fermion action does not 
contain a coupling between the fermion fields and curvature. The free energy is given by 



Ffl = - log I I = - log det [^^^^OD\ , Od = iI1) 



(43) 



The eigenvalues oi Od are 



each with multiplicity 



±- „ + -l. „>0. 



(44) 



rhn = dim 7 



n + d — 1 



n 



(45) 



Here, dim 7 is the dimension of the gamma matrices in d dimensions. For odd ci, dim 7 = 22 
in the fundamental representation. 
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d Fd/ dim 7 



^(21og2 + ffl] ^0.110 



-1 

28 



6 log 2 + 



10C(3) _^ 15C(5) j 



-2.16 X 10- 



^ (20 log 2 + + ^ + 53011) ^ 4.61 X 10- 

2i| (70 log 2 + 



1 

220 



252 log 2 + 



255C(9)^ ~ _ 
I 69124C(5) I 8778C(7) , 1870C(9) 



12916C(3) I 282C(5) , 378C(7) , 
1057r2 TT* ,r6 

234938C(3) 
5257r2 



1.02 X 10- 

j_ 1023C(11) 
r ^10 



2.32 X 10"^ 



Table 2: The F-coefficient for a free massless Dirac fermion field on S'^. Here, dim 7 is the 
dimension of the gamma matrices on S'^ and is equal to 2^ in odd dimensions d. 



One can then write (43) as 



-2E 



rrir. 



n=0 



log(/ioa) + log + 



d 



(46) 



and again one can check that Yl'^=o = in odd dimensions using zeta-function regular- 
ization, so there is no logarithmic dependence on ii^a. To compute Fd, one can write it 
formally as the derivative at s = of the function 



n=0 



rrir. 



(47) 



One can check that m„ is a polynomial of degree d—1 in n+ |, so the sum in (47) converges 



absolutely for s > d and can be expressed in terms of ({s — k, |), with k ranging over the 
even integers between and d—1. 

For d = 3, rhn = (n + 2)(?2 + 1), and the F-coefficient of a massless Dirac fermion is 



^^ = 2C'(-2,3/2)-^C'(0,3/2) 



log 2 3C(3) 
4 87r2 



0.219. 



(48) 



This result agrees with earlier work JHs]. For other values of d, see table|2| The F-coefficient 
of a Majorana fermion is one half the result in table [2] 

^We note that Fu/Fs is not a rational number and is quite large, « 3.43. For comparison, we note that 
the contribution of a c? = 3 massless Dirac fermion to the thermal free energy is 3/2 times that of a massless 
real scalar. In d = 4 the a-coefhcient of a massless Dirac fermion is 11 times that of a conformal scalar, 
while its contribution to the thermal free energy is 7/2 times that of a massless scalar. Only in d = 2 does 
the c-coefficient of a massless Dirac fermion equal that of a massless scalar. 
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4.3 Chern- Simons Theory 

In three dimensions U{N) Yang-Mills theory does not have a UV fixed point. Instead, we 
will consider U (N) Chern-Simons gauge theory with level k. The F-coefficient for = 1 is 
^ log k, while for > 1 it was found to be [56j 

Fcs(fc,iV) = -log(A; + iV)-^(iV-j)log(2sin^^j . (49) 

In the weak coupling limit k ^ N, and for sufficiently large N, this expression may be 
approximated by ^N'^ (log 2^ §)• Thus, somewhat surprisingly, the CS theory has a 
large F-coefficient, even though it has no propagating degrees of freedom. 

In four dimensions, one of the first tests of the a-theorem was provided by the SU{N) 
gauge theory coupled to Nf massless Dirac fermions in the fundamental representation |2j. 
This theory is asymptotically free for Nf < llN/2. If this is the case, then in the UV the 
a-coefficient receives contributions from the A^"^ — 1 gauge bosons and the NfN free fermions. 
In the IR, it is believed that chiral symmetry breaking produces Nj — 1 Goldstone bosons, 
which are the only degrees of freedom that contribute to oir. The asymptotic freedom 
condition Nf < llN/2 imposes an upper bound on the IR value of a that is restrictive 
enough to not violate the a-theorem [2]. 

In three dimensions we cannot construct similar tests involving U (N) Yang-Mills theory 
coupled to fundamental fermions because the UV theory is not conformal. Instead we con- 
sider Chern-Simons gauge theories. As a first example take the U{1) Chern-Simons gauge 
theory coupled to Nf massless Dirac fermions of charge 1. For k ^ 1 this theory is weakly 
coupled, so the F-coefficient is 

^uv ^ ^ log A: + AT, + ^) + 0{Nf/k) . (50) 

Now, let us add a mass for the fermion. The IR fixed point is then described by the 
f/(l) Chern-Simons gauge theory with CS level k ± A^//2 generated through the parity 



anomaly 57,58 , where the sign is determined by the sign of the fermion mass. Therefore, 
the IR free energy is ^ log (A; ± Nf/2). It is not hard to check that this is smaller than (50). 

Now we consider U{N)k Chern-Simons gauge theory, A^ > 1, coupled to Nf massless 
fundamental Dirac fermions. For k ^ N this is a weakly coupled conformal field theory 
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whose F-coefficient is 

- I''' ('°^ 2^ + ^) + (f + If ) + ^f'^''^^/*) ■ (^^' 

Now, let us add a U{Nf) symmetric mass for the fermions. The IR fixed point is then 
described by the U{N) Chern-Simons gauge theory with CS level k ± Nf/2. Therefore, 
Fm = Fes (A; ± Nf/2, N). It is not hard to check that Fuv > i^m for any A^/ if A; > A^. The 
comparison is the simplest if, in addition, we assume Nf. Then 

making it obvious that Fuv > -Fir. 



5 Double trace deformations 

In this section we study the change in free energy under a relevant double trace deformation 
in a d-dimensional large field theory, starting from a UV fixed point and fiowing to an IR 



fixed point. Some of this section is a review of the earlier work 47-49 



5.1 Bosonic double trace deformation 

Consider a bosonic single trace operator $ within the UV conformal field theory. Let the 
dimension of this operator. A, lie inside the range {d/2 — l,d/2). The lower limit on the 
dimension is the unitarity bound. We impose the upper limit on the dimension because we 
will be adding the operator $^ to the lagrangian and we want this to be a relevant operator. 



There are general arguments 47,59 that this deformation will cause an RG fiow to an IR 
fixed point where $ has dimension d — A. 
We begin with the partition function 

Z = J D4>exp (^-So - y y d'^xVG<i>^^ = Zq ^exp (-y ^ d^xVG<^^^ ^ , (53) 

where, as in section |2} Aq is the bare coupling defined at the UV scale /iq, $ is the bare 
operator, and expectation values (■ ■ ■ )o are taken with respect to the conformal action 5*0. 
The measure D(f) is schematic for integration over all degrees of freedom in the theory. We 
are interested in calculating the difference SF^ between the free energies of the IR and UV 
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fixed points, 



5 Fa = - log 



(54) 



We explicitly write 6Fa as a function of the UV scaling dimension A to emphasize the 
dependence of the IR free energy on the UV scaling dimension of the single trace operator 



As in 47 we proceed through a Hubbard- Stratonovich transformation. That is, we 



introduce an auxihary field a so that 



Zo J Da expi^J d^xVGa 



j Da ^exp j d'^xy/G (^^^^ + (^'^ 



(55) 



In this context, large implies that the higher point functions of $ are suppressed relative 
to the two-point function by factors of where we take N large. This allows us to write 



exp(/A^/G.(.)*, 



X] \ } = exp 



(56) 



The integral in equation (55) is then simply a gaussian integral, which integrates to give 



SFA = -tT\og{K), 



(57) 



where 



K{x,y) 



VG{x) 



5{x-y) + \oa''mxMy)), . 



(58) 



We choose to normalize the operator $ so that the perturbing operator $^ has the same 
normalization as the operator O in section [2j Specifically we take the two-point function of 
$ on the round 5*^ to be given by 



mx)^{y))o 



1 1 

y/2s{x,y) 



2A • 



(59) 



We then proceed by expanding the right hand side of equation ( 59 ) in S spherical harmonics 
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using 



s{x,y) 



2A 



,2A 



S'n ^ m ( ) ( 1/ ) 



(60) 



where we normalize the Ynm{x) to be orthonormal with respect to the standard inner product 
on the unit S"^. The Qn coefficients in equation (60) can be found in 47 , where they are 
shown to be 



71 



d/22 



,,^ r(|-A) r(n + A) 

r(A) T{d + n-A)' 



n > 0, 



(61) 



The expression for SF^ (57) was evaluated using dimensional regularization in 48 . Here 



we briefly review their argument. The eigenvalues of the operator K only depend on the 
angular momentum n through the Qn coefficients of equation (61). States on the sphere S'^ 



with angular momentum n have the degeneracy m„ given in equation (37). One can therefore 
write the change in free energy as 



^ CO 

SF^ = -J2 log [1 + Aoa'^-'^^?^] 



(62) 



n=0 



Because d — 2A > 0, in the IR limit a"^ goes to infinity. Continuing to dimension d < 0, 



the sum in equation ( 62 ) converges and SF^ becomes 



5Fa 



^ ^ m„ log ( 

n=0 ^ 



r(n + A) 
T{d + n-A) 



(63) 



where in simplifying equation (62) one uses Xln"^" = as in eq. (39). 



The sum in equation (63) is evaluated exactly in 48 . In odd dimensions they find 



d (5Fa) _ (-l)('^+i)/2^2(^ _ 2A) sec [tt (A - I)] tan [tt (A - f )] 



(64) 



dA 2r(i + rf) r(i- A)r(i-rf + A) 

The result agrees exactly with the dual calculation in AdSd+i 48 . In the case of most 
interest, where d = 3, it reduces to the following simple expression: 



^ = -^(A-l)(A-^)(A-2)cot(.A) 



(65) 
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As a last step, we integrate eq. (65) with respect to A to get the final expression for SF/^, 



5Fa 



TT 



3/2 3 

dx{x — l)(x — -){x — 2) cot(7ra;) 



(66) 



The upper limit of integration in eq. (66 ) is chosen to be 3/2 because we know that 5F^^ 



■3/2 



0, as can be seen directly in eq. (63), where each term in the sum vanishes when A = d/2. 
The reason why 5-Fa=3/2 = is that when A = d/2 the operator $^ is marginal. 

In figure [T] we plot 6F/^ over the complete range of A when d = 3. There are two cases of 

0.2 0.4 0.6 0.8 1.0 1.4 

-0.01 
-0.02 
-0.03 
-0.04 
-0.05 
-0.06 



Figure 1: The change in free energy 6 Fa = -Fir — -Fuv when the UV theory is perturbed by 
a relevant double trace operator O^, where O has dimension A. 

special interest. The first is when A = 1, which corresponds to the 0{N) models we discuss 



in section 5.2 The numerical value for the difference in the free energy between the IR and 



UV fixed points in this case is 

5i^A=i = -^^ -0.0152. (67) 

The second case of interest is when A = 1/2, so that the operator $^ corresponds to adding 
a mass term for the free scalar field In this case 6F evaluates to 



SFa=i/2 = - ^ (^2 log 2 - ^ -0.0638. (68) 



The change in free energy in equation (68) is simply minus the free energy of a massive real 



scalar field in equation (41). This makes sense since in this case we simply integrated out 
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the real free scalar field This result can be thought of as a check of our procedure. 

There is one further consistency check we can easily perform. If we take A = (3 — e)/2, 
then the IR fixed point is the perturbative fixed point of section |2j The coefficient of the 
three point function C is easily calculated to be C = 4/a/2 in this case. Equation (23) 
predicts that the difference in free energy between the IR and UV fixed points is 



5R 



A=(3-e)/2 



576 



(69) 



Indeed, expanding the integral in equation (66) for A = (3 — e)/2 with e small reproduces 



exactly equation (69). This provides another consistency check between the double trace 



calculation and the perturbative calculation. 

5.2 RG flows in 0{N) vector models 

In this section we discuss RG fiows in the 0{N) vector models and compare the free en- 
ergies of the various fixed points. We begin with the classical 0{N) model action in fiat 
3-dimensional Euclidean space, 



(fx 



\ 2 



(70) 



where $ is an A^-component vector of real scalar fields. The F-coefficient of the UV 
fixed point of this theory is of course just that of massless free scalar fields: F^y = 
3^i^y If we take > 0, then all scalar fields become massive in the IR 



N 



16 v21og2 

and we end up with the trivial empty theory whose F-coefficient vanishes. The critical model 
comes from maintaining the vanishing renormalized mass. This theory has a non-trivial IR 



fixed point. The difference between the IR and UV F-coefficients is given in equation (67) 



Therefore for large N the F-coefficient of the IR fixed point in the critical 0{N) model is 



^bos 
crit 



N 
16 



21og2-3# 



^ + 0(l/iV). 



(71) 



The free and critical 0{N) vector models have been conjectured [60 1 to be dual to the min- 



imal Vasiliev higher-spin gauge theory in AdS4 61-63 , with different boundary conditions 



Recently, this conjecture has been subjected to some non-trivial tests 64 -66 , and new ideas 



have appeared on how to prove it 67,68 . It would be very interesting to match our field 



theory results for F^y and F^^°^ using the higher spin theory in Euclidean 74^5*4. 
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Now consider perturbing the critical 0{N) model by the scalar mass term with ttIq < 0. 
As the theory flows to the IR the potential breaks the symmetry from 0{N) to 0{N — 1), 
and so by Goldstone's theorem we pick up — 1 flat directions in field space. In the far IR 
these Goldstone modes simply become A^ — 1 free massless scalar fields, with F-coefficient 

i^Goldstone = ^^(21og2-3^') . (72) 



Thus 



^Goldstone " ^crit' = 2 - 5^ ) ^ -0.0486 (73) 



in agreement with the conjectured F-theorem. 

This conclusion should be contrasted with the evolution of the thermal free energy coeffi- 



cient CTherm- In the critical O(A^) model CTherm = 4A^/5 + 0(l) [13,14 , while in the Goldstone 
phase CTherm = A^ — 1. Thus, for large enough A^ the flow from the critical 0{N) model to 
the Goldstone phase rules out the possibility of a CTherm theorem. On the other hand, the 
coefficient of the stress-energy tensor 2-point function ct decreases when the 0{N) model 
flows from the critical to the Goldstone phase |16j. Thus, such a flow does not rule out the 
possibility of a ct theorem. 

Another interesting 0{N) model to consider is the d = 3 Gross- Neveu model with A^ 
massless Majorana fermions ip^ and the interaction term [ip'^ip'^Y . This model has an inter- 
acting UV fixed point where the pseudoscalar operator ip^ip^ has dimension 1 + 0(1/A^). The 
IR fixed point is described simply by A^ free fermions. Thus, we find that 

f?r = ^(21og2 + 3fl)+|^ + 0(l/iV). 
fr = ^(2log2 + 3fi' 



The higher-spin duals of these theories in AdS^^ were conjectured in 69 ,70 , and recently 



these conjectures were subjected to non-trivial tests 64,65 . It would be interesting to derive 



the results (74) using the higher-spin gauge theory in Euclidean AdS^. 



5.3 Fermionic double trace deformation 

In this section we study the change in free energy under a fermionic double trace deformation 



in a large A^ field theory on S . The calculation proceeds analogously to that in section 5.1 
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where we deformed the UV fixed point by a bosonic double trace deformation. The difference 
is that we replace the bosonic operator $(2;) by a fermionic, single-trace operator x{^)- 
this section we will assume that x is a complex Grassmann-valued spinor field. In order to 
obtain the difference in free energy between the IR and UV fixed points when x is Majorana, 
all one has to do is divide the final result by two. 

Let the dimension of the operator x be A, with A inside the range [{d — l)/2, d/2]. The 
lower limit on the dimension is the unitarity bound on spinor operators. The upper limit 
on the dimension comes from requiring the operator xx to be relevant. Just as in the case 
of the bosonic double trace deformation, one can argue that the double-trace deformation 
will induce an RG fiow that takes the theory to an IR fixed point where x has dimension 



d-A 49 



We want to compute the F-coefficient of the IR fixed point, so we need to calculate the 
free energy of the theory on the round S'^. The partition function on S'^ is given by 



Z = Zo (exp (^-Ao j d'^xVGxx^ 



(75) 



where Aq is the coupling of dimension d — 2 A. The calculation of the expectation value 



in equation (75) was presented in 49 , and here we summarize their derivation. First, we 



introduce a complex auxiliary spinor field 77 and write 



Z 1 f r.-/ 

— = -r=- — / DrfDr] ( exp 

Zq J DrjDfj exp{J d'^xyGfjri) J \ 



(76) 



Just as in the bosonic case, the assumption of large comes into play by taking the expec- 
tation value inside of the exponential, giving 



exp 



exp 



Ao / d'xVG / d''yVGn{x){x{x)x{y))oV{y) + o{l/N^) 

(77) 



We assume that n-point functions, with n > 2, are suppressed by inverse power of A^. The 



integral in equation ( 76 ) is then Gaussian. Exponentiating the result to give the change in 



free energy 6Fa we find 



SFa = -trlog(i^) 



(78) 
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where 



K{x,y) 



1 



--5{x -y) + Xoa'^ {x{x)x{y))o ■ 



(79) 



In flat space we choose the fermion two-point function to have the normalization 

7 ■ (x - y) 



G{x,y) = {x{x)x{y)) 



I |2A+1 ■ 

\x - y\ 



(80) 



We need to find the eigenvalues and degeneracies of the operator G on the sphere. This 



problem is solved in 49 and here we simply quote the result] The eigenvalues 



r(n + A + 1/2) 
gn oc : ^irzz , n > 



81) 



T{n + d- A + 1/2) ' 

come in conjugate pairs and are indexed by the integer n that runs from zero to infinity. 



In equation (81) we leave off any n independent proportionality factors, because as we will 



see below these factors do not contribute to the free energy in the IR limit. At each level n 



there is a degeneracy m„ given in equation (45). 



Analytically continuing to the region of the complex plane where Re((i) < 1, the trace in 



equation ( 78 ) converges and in the IR limit we can write 



^ , r n + A + 1/2 
SFa = -2 > m„ log ^ , 7 / X 



n=0 



(821 



The sum in equation (82) is easily evaluated using the methods in 48 . After a simple 



calculation one finds the result (specifying to three-dimensions) 



271 f^/^ f 1 
5Fa = — — / dx \ X 



3\ / 5' 

X — - \ a; — - I tanfvrx) 



AG 1, 



(83) 



In figure [2] we plot the change in free energy 5F over this range of A. 

Just as in the bosonic case, we can check this procedure by evaluating 5F when x has 



the dimensionality A = 1 of a free spinor field. The integral in equation (83) evaluates to 

1/^- ^ .C(3) 



2 log 2 + 3- 



-.219. 



4) 



^See section 5.3 of that paper. 
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Figure 2: The change in free energy 6F^ = Fjr — Fuv when the UV theory is perturbed by 
a relevant double trace operator xx, where x is a fermionic operator of dimension A. 



Comparing to equation (48 ), we see that this is the F-coefficient of a massless complex spinor 
field. Intuitively this makes sense, because in this case all we have done is to integrate out 
a massive free complex spinor. 

We note that, as in section 5.1, 6F vanishes for A = 3/2 where the double-trace operator 



is marginal. One might be tempted to expand equation (83) for A near 3/2 and attempt 



to compare with the perturbative result in equation (23). One would quickly find that this 



does not work. Indeed, letting A = (3 — e)/2 we see that 

^i^A=(3-.)/2 = -^ + 0(e=^). (85) 

The leading change in the free energy is order e while in the perturbative calculation of 
section [2] the change in free energy is order e^. 

The resolution is that the perturbing operator O = xx is a pseudo-scalar, as can be seen, 
for example, from the fact that the correlation functions of an odd number of 0{xi) change 



sign under Xi — )■ — Xj. From eq. (80), one can compute explicitly the connected correlation 
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functions in flat space: 

F - y\ 

{0{x)0{y)0{z))o = 2tdim{-f)— — — — — ^^^^ , 



{\x - y\\y - z\\z - x\y ^^^^ 

{0{x)0{y)0{z)0{w))o = — dim(7) ^Xxzyw^xwyz + ^X^yzw^xzyw + '^XxyzwXxwyz 

~l~ -Xxyyz-XxwZW ~l~ -X xyxw-X y zzw^ ; 

where we have defined 

^ (g - &) ■ (c - d) 

^abcd — , |2A+1 I ,|2A+1 • \° ' ) 

\a — b\ |c — C(| 

That the ra-point functions change sign under reflection implies that only odd powers of the 
coupling appear in the beta function, and also that only even powers of the coupling appear 



in an expansion of the free energy as in eq. (16). We believe that all coefficients in the 



expansions of the beta function and 6F as power series in the coupling constant are 0{e) 



as can be checked explicitly for the case of the four-point function in (86). It follows that 



the IR fixed point does not occur when the coupling g is small. One would therefore need 



to calculate all the terms in eq. (16) in order to find the change in the F-coefficient along 
the RG fiow. 
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A Comments on Massive Free Fields 

At conformal fixed points we can map a (i- dimensional theory in flat, odd-dimensional space 
to the Euclidean S'^ and compute the unique F-coeflicient. However, away from conformal 
flxed points the mapping is ambiguous. In this Appendix we search for a function that 
interpolates between conformal flxed points by looking at the example of massive free flelds 
in three dimensions. 

A.l Free massive scalar field 



We consider the action 



(V0)^ + o^^'^ + ^ 



2 J,2 



on S'^. This leads to the following inflnite sum for the free energy 



^ oo 

- ^ log 



n=l 



h (amV 

4 ^ ^ 



^9) 



which clearly diverges as n — oo. The dimensionless parameter (am) flows from zero at the 
UV conformal flxed point to inflnity in the IR. For notational convenience we set a = 1, so 
that the RG scale is simply given by the mass m. We calculate 



OF. 



n 



dirn^) 2 m? + m? — 7 2 \ ri'^ + rri^ — , 

^ ' n=l 4 \n=\ n=l 4 



2 1 

— ^ 



,2 _ 1 



(90) 



Using zeta-function regularization, 1 = C(0) = —1/2. The resulting sum is convergent 

and gives 



dim?') 4 V 4 



7r 



(91) 



While the function in equation (91) is manifestly negative and vanishes when m = 0, it 



asymptotes to a linear function of m as m — )■ oo. Thus, with this regularization we do not 
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find the desired result 

The problem seems to be that we have generated a finite cosmological constant of order 
and a finite coefficient of the \/GR term of order m along the ffow. We will therefore 
modify the free energy by 



6Fs = f[{am)], 



(93) 



where f[{am)] is some function which must vanish at am = and cancels the undesirable 
terms at large am. Again we take a = 1 so that the change in the expression for the free 
energy is simply 6Fs = f{fn). 

We can calculate the necessary form of f{m) at the IR fixed point. Suppose the IR fixed 
point were at m = A, where A is assumed to be large. We require dFs{m = A)/dm'^ = 0, 
which implies that 



df 



TT / 1 

-WA^ coth 

4 V 4 



TT 



A2- 



TtA TT 

X ~ 32A 



(94) 



0(1/A=^ 



in the limit of large A. We then infer that in the IR the function f{m) takes the form 

f{m) = — - — + 0{lm). (95) 
D lb 



Two examples of functions which obey (95) as well as /(O) = are 



fi{m) = — — , /2(m) 



6 



m 



'6' m 



(96) 



One finds that with the function fi{m) the free energy is not monotonically decreasing 
and that dFs/dm^ diverges at m = 0. The function /2(^) has the advantage that with it 
the free energy is a monotonically decreasing function of m. It is not an analytic function of 
the mass, though. Interestingly, one finds by an explicit calculation that with either /i(m) 



or f2i'm) we find the desired result (92) 
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A. 2 Free massive fermion field 



In this section we perform an analogous computation to that in section [AIT] but for a massive 
complex fermion field. Naively the massive fermion action on 5*^ is given by 



S 



D 



(97) 



By a now familiar computation we can write the free energy as 



-Fi) = - ^ n{n + 1) log 



n=l 



(98) 



Taking a derivative of equation (98) with respect to im? and performing zeta-function regu- 
larization we arrive at 



dFo 4m2 + 1 



d{m? 



5m 



7rtanh(7rm) . 



(99) 



Like in the case of the massive scalar field, we see that at large m the right hand side of 



equation (99) asymptotes to a linear function of m, which signals a cosmological constant of 
order m?. We again add a function 5F£) = /(m) to the free energy so that it has the correct 
asymptotic form as m — )■ oo. Explicitly we take 



/(m) 



vr \m\ / 2 3 



, m + 
3 V 4 



(100) 



With this correction the function Fj:,{m) is monotonically decreasing between the UV and 
IR fixed points and by an explicit computation one can check 



\l^2dFD _ log 2 3C(3) 



(101) 



which is the desired result. 



References 



[1] A. B. Zamolodchikov, "Irreversibility of the Flux of the Renormalization Group in a 
2D Field Theory," JETP Lett. 43 (1986) 730-732. 



27 



[2] J. L. Cardy, "Is There a c Theorem in Four-Dimensions?," Phys.Lett. B215 (1988) 
749-752. 



[3] D. Anselmi, D. Z. Freedman, M. T. Grisaru, and A. A. Johansen, "Nonperturbative 
formulas for central functions of supersymmetric gauge theories," Nucl. Phys. B526 



(1998) 543-571, hep-th/9708042 



[4] K. A. Intriligator and B. Wecht, "The Exact superconformal R symmetry maximizes 
a," Nucl.Phys. B667 (2003) 183-200, hep-th/0304128^ 

[5] J. M. Maldacena, "The large hmit of superconformal field theories and 
supergravity," Adv. Theor. Math. Phys. 2 (1998) 231-252, |hep-t h/9711200 

[6] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, "Gauge theory correlators from 
non-critical string theory," Phys. Lett. B428 (1998) 105-114, |hep-th/9802109[ 

[7] E. Witten, "Anti-de Sitter space and holography," Adv. Theor. Math. Phys. 2 (1998) 
253-291, [hep-th/9802150| 

[8] D. Martelli, J. Sparks, and S.-T. Yau, "The geometric dual of a-maximisation for toric 
Sasaki- Einstein manifolds," Commun. Math. Phys. 268 (2006) 39-65, 



hep-th/0503183 



[9] A. Butti and A. ZafFaroni, "R-charges from toric diagrams and the equivalence of 
a-maximization and Z-minimization," J HEP Qhll (2005) 019, 'hep-th/05 06232^ 



[10] R. Eager, "Equivalence of A-Maximization and Volume Minimization," 1011.1809 



[11] Z. Komargodski and A. Schwimmer, "On Renormalization Group Flows in Four 
Dimensions," 1107.3987 * Temporary entry *. 

[12] T. Appelquist, A. G. Cohen, and M. Schmaltz, "A new constraint on strongly coupled 



field theories," Phys. Rev. D60 (1999) 045003, hep-th/9901109 



[13] S. Sachdev, "Polylogarithm identities in a conformal field theory in three-dimensions," 



Phys. Lett. B309 (1993) 285-288, hep-th/9305131 



[14] A. V. Chubukov, S. Sachdev, and J. Ye, "Theory of two-dimensional quantum 
Heisenberg antiferromagnets with a nearly critical ground state," Phys. Rev. B49 
(1994) 11919-11961. 



28 



[15] S. S. Gubser, I. R. Klebanov, and A. A. Tseytlin, "Coupling constant dependence in 
the thermodynamics of N=4 supersymmetric Yang-Mills theory," Nucl.Phys. B534 



(1998) 202-222, | hep-th /9805156| 

[16] A. C. Petkou, ^^C{T) and C{J) up to next-to-leading order in 1/A^ in the conformally 
invariant 0{N) vector model for 2 < < 4," Phys. Lett. B359 (1995) 101-107, 



hep-th/ 9506116t 



[17] E. Barnes, E. Gorbatov, K. A. Intriligator, M. Sudano, and J. Wright, "The exact 
superconformal R-symmetry minimizes tau(RR)," Nucl. Phys. B730 (2005) 210-222, 



hep-th/0507137 



[18] D. L. Jafferis, "The Exact Superconformal i?-Symmetry Extremizes Z," 1012.3210 



[19] D. L. Jafferis, I. R. Klebanov, S. S. Pufu, and B. R. Safdi, "Towards the F-Theorem: 



N=2 Field Theories on the Three-Sphere," JHEP 1106 (2011) 102, 1103.1181 



[20] V. Pestun, "Localization of gauge theory on a four-sphere and supersymmetric Wilson 
loops," .0712.2824t 

[21] A. Kapustin, B. Willett, and I. Yaakov, "Exact Results for Wilson Loops in 
Superconformal Chern-Simons Theories with Matter," JHEP 1003 (2010) 089, 
10909.45591 

[22] N. A. Nekrasov, "Seiberg-Witten prepotential from instanton counting," 



Adv. Theor. Math. Phys. 7 (2004) 831-864, jhep-th/020616l| To Arkady Vainshtein on 
his 60th anniversary. 

[23] N. Drukker, M. Marino, and P. Putrov, "From weak to strong coupling in ABJM 



theory," Commun. Math. Phys. 306 (2011) 511-563, .1007 .3837 



[24] C. P. Herzog, I. R. Klebanov, S. S. Pufu, and T. Tesileanu, "Multi-Matrix Models and 



Tri-Sasaki Einstein Spaces," Phys. Rev. D83 (2011) 046001, 1011.5487 



[25] R. C. Santamaria, M. Marino, and P. Putrov, "Unquenched flavor and tropical 

geometry in strongly coupled Chern-Simons-matter theories," JHEP 1110 (2011) 139, 
[1011.62811 

[26] D. Martelli and J. Sparks, "The large N limit of quiver matrix models and 



Sasaki-Einstein manifolds," Phys. Rev. D84 (2011) 046008, 1102.5289 



29 



[27] S. Cheon, H. Kim, and N. Kim, "Calculating the partition function of N=2 Gauge 
theories on and AdS/CFT correspondence," JHEP 1105 (2011) 134, |l 102 . 5565 



[28] I. R. Klebanov and A. A. Tseytlin, "Entropy of near extremal black p-branes," 
Nud.Phys. B475 (1996) 164-178, ihep-th /9604089. 

[29] A. Amariti, "On the exact R charge for N=2 CS theories," JHEP 1106 (2011) 110, 
11103.1618. 



[30] D. Jafferis and X. Yin, "A Duality Appetizer," [1103.5700 

[31] V. Niarchos, "Comments on F-maximization and R-symmetry in 3D SCFTs," 



J.Phys.A A44 (2011) 305404, jll03 . 5909^ 



[32] B. Willett and I. Yaakov, "N=2 Dualities and Z Extremization in Three Dimensions," 
11104.04871 

[33] S. Minwalla, P. Narayan, T. Sharma, V. Umesh, and X. Yin, "Supersymmetric States 



in Large N Chern-Simons-Matter Theories," [1104.0680 



[34] A. Amariti and M. Siani, "Z-extremization and F-theorem in Chern-Simons matter 
theories," JHEP 1110 (2011) 016, 



1105.0933 



S. Benvenuti and S. Pasquetti, "3D-partition functions on the sphere: exact evaluation 
and mirror symmetry," [1105 . 2551| 

[36] D. R. Gulotta, C. P. Herzog, and S. S. Pufu, "From Necklace Quivers to the 



F-theorem, Operator Counting, and T(U(N))," |1105.2817[ * Temporary entry *. 



[37] A. Amariti and M. Siani, "F-maximization along the RG flows: a proposal," 
11105.39791 

[38] T. Nishioka, Y. Tachikawa, and M. Yamazaki, "3d Partition Function as Overlap of 
Wavefunctions," JHEP 1108 (2011) 003, 



1105.4390 



G. Festuccia and N. Seiberg, "Rigid Supersymmetric Theories in Curved Superspace," 



JHEP 1106 (2011) 114, [I105^0689f 



[40] R. C. Myers and A. Sinha, "Holographic c-theorems in arbitrary dimensions," JHEP 



01 (2011) 125, ,1011. 5819 



30 



[41] H. Casini, M. Huerta, and R. C. Myers, "Towards a derivation of holographic 



entanglement entropy," JHEP 1105 (2011) 036, 1102.0440 



[42] J. S. Dowker, "Entanglement entropy for odd spheres," 



1012.1548 



[43] A. W. W. Ludwig and J. L. Cardy, "Perturbative Evaluation of the Conformal 

Anomaly at New Critical Points with Applications to Random Systems," Nucl. Phys. 
B285 (1987) 687-718. 

[44] I. Affleck and A. W. W. Ludwig, "Universal noninteger 'ground state degeneracy' in 
critical quantum systems," Phys. Rev. Lett. 67 (1991) 161-164. 

[45] I. Affleck and A. W. W. Ludwig, "Exact conformal field theory results on the 
multichannel Kondo effect: Single fermion Green's function, selfenergy and 
resistivity,". UBCTP-92-029. 

[46] D. Friedan and A. Konechny, "On the boundary entropy of one-dimensional quantum 



systems at low temperature," Phys. Rev. Lett. 93 (2004) 030402, |hep-th/0312197 



[47] S. S. Gubser and I. R. Klebanov, "A universal result on central charges in the presence 



of double-trace deformations," Nucl. Phys. B656 (2003) 23-36, hep-th/0212138 



[48] D. E. Diaz and H. Dorn, "Partition functions and double-trace deformations in 



AdS/CFT," JHEP 05 (2007) 046, hep-th/0702163 



[49] A. Allais, "Double-trace deformations, holography and the c- conjecture," JHEP 11 



(2010) 040, 1007.2047 



[50] C. G. Callan, I. R. Klebanov, J. M. Maldacena, and A. Yegulalp, "Magnetic fields and 
fractional statistics in boundary conformal field theory," Nucl. Phys. B443 (1995) 
444-464, |hep-th/9503014| 



[51] A. M. Polyakov, "Conformal symmetry of critical fiuctuations," JETP Lett. 12 (1970) 
381-383. 

[52] A. M. Polyakov, "Gauge fields and strings,". Chur, Switzerland: Harwood (1987) 301 
p. (Contemporary Concepts in Physics, 3). 

[53] J. R. Quine and J. Choi, "Zeta regularized products and functional determinants on 
spheres," Rocky Mountain J. Math. 26 (1996), no. 2 719-729. 



31 



[54] H. Kumagai, "The determinant of the Laplacian on the n-sphere," Acta Arith. 91 
(1999), no. 3 199-208. 

[55] M. Marino, "Lectures on locahzation and matrix models in supersymmetric 
Chern-Simons-matter theories," J.Phys.A A44 (2011) 463001,(1104^0783} 

[56] E. Witten, "Quantum field theory and the Jones polynomial," Commun. Math. Phys. 
121 (1989) 351. 

[57] A. Niemi and G. Semenoff, "Axial Anomaly Induced Fermion Fractionization and 

Effective Gauge Theory Actions in Odd Dimensional Space-Times," Phys. Rev. Lett. 51 
(1983) 2077. 

[58] A. Redlich, "Parity Violation and Gauge Noninvariance of the Effective Gauge Field 
Action in Three-Dimensions," Phys. Rev. D29 (1984) 2366-2374. 

[59] E. Witten, "Multi-trace operators, boundary conditions, and AdS/CFT 
correspondence," hep-th/0 112258, 

[60] I. R. Klebanov and A. M. Polyakov, "AdS dual of the critical 0{N) vector model," 
Phys. Lett. B550 (2002) 213-219, |hep-th/0210114| 



[61] M. A. Vasiliev, "More on equations of motion for interacting massless fields of all spins 
in (3+l)-dimensions," Phys. Lett. B285 (1992) 225-234. 

[62] M. A. Vasiliev, "Higher-spin gauge theories in four, three and two dimensions," Int. J. 
Mod. Phys. D5 (1996) 763-797, [hipbh796 11024] 

[63] M. A. Vasiliev, "Higher spin gauge theories: Star-product and AdS space," 
|hep-th /9910096[ 

[64] S. Giombi and X. Yin, "Higher Spin Gauge Theory and Holography: The Three-Point 



Functions," JHEP 1009 (2010) 115, 0912.3462 



[65] S. Giombi and X. Yin, "Higher Spins in AdS and Twistorial Holography," JHEP 1104 



(2011) 086, 1004.3736 



[66] S. Giombi and X. Yin, "On Higher Spin Gauge Theory and the Critical 0(N) Model," 
11105. 40TT1 



32 



[67] R. d. M. Koch, A. Jevicki, K. Jin, and J. P. Rodrigues, ''AdS^/CFT^, Construction 
from Collective Fields," Phys. Rev. D83 (2011) 025006, |l008 . 0633 

[68] M. R. Douglas, L. Mazzucato, and S. S. Razamat, "Holographic dual of free field 
theory," Phys. Rev. D83 (2011) 071701, 1011 .4926^ 

[69] R. G. Leigh and A. C. Petkou, "Holography of the N = 1 higher-spin theory on 
AdS(4)," JHEP 06 (2003) Oil, |hipth/0304217 

[70] E. Sezgin and P. Sundell, "Holography in 4D (super) higher spin theories and a test 



via cubic scalar couplings," JHEP 07 (2005) 044, |hep-th/0305040 



33 



